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Abstract 

We construct a discrete family of smooth non-supersymmetric three charge ge- 
ometries carrying Dl brane, D5 brane and Kaluza-Klein monopole charges in Type 
IIB supergravity compactified on a six-torus, which can be interpreted as the ge- 
ometric description of some special states of the brane system. These solutions 
are asymptotically flat in four dimensions, and generalise previous supersymmetric 
solutions. The solutions have a qualitatively similar structure to previous non- 
supersymmetric smooth solutions carrying Dl and D5 brane charges in five dimen- 
sions, and indeed can be viewed as the five-dimensional system placed at the core 
of a Kaluza-Klein monopole. The geometries are smooth, free of horizons and do 
not have closed timelike curves. One notable difference from the five-dimensional 
case is that the four-dimensional geometry has no ergoregion. 
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1 Introduction 



An important goal for the study of black hole thermodynamics is to understand the 
gravitational description of the microstates responsible for the entropy. String theory 
and in particular the AdS/CFT correspondence offers the tools needed to explore these 
issues. The past few years have seen significant progress in our understanding of the 
geometrical description of the states underlying some special black holes which can be 
embedded in string theory. Though a generic microstate responsible for the black hole 
entropy is expected to admit a description only in the full string theory, there is at least 
a subset of these states which can be well described by supergravity solutions. Probably 
the best studied example is the supersymmetric black hole in five dimensions [H |2]. 
The microstates of the five dimensional black hole with two charges, which has a string- 
scale horizon if we take into account higher derivative corrections, have been completely 
described [3]- [12]. For the black hole with three charges in five dimensions, which has 
a macroscopic horizon, many explicit examples of the microstates are known |13j-|24j. 
though the picture is far less complete. Similar results have been achieved for the case of 
three and four charge systems in four dimensions [25] -[27]. For a review of some of these 
developments, see [28l [29] . 

The results mentioned above refer to systems with unbroken supersymmetry in four 
or five dimensions. It is an important and non-trivial task to extend the success of the 
supersymmetric case to the more general non-supersymmetric states. Although the su- 
persymmetric black holes already have finite horizon areas, the non-supersymmetric ones 
are qualitatively different: notably, because they have a non-zero temperature. This 
implies that the study of non-supersymmetric black holes is significantly more complex; 
it will involve issues like Hawking radiation and dynamical instabilities. Also, from a 
technical point of view, the task of finding supersymmetric microstates is greatly facili- 
tated by the classification theorems in supergravity which hold in the presence of some 
unbroken supersymmetry [30]. For the non-supersymmetric case, these techniques are 
not available. 

The only known geometries describing non-supersymmetric microstates are the ones 
of [31]. In the Type IIB duality frame, these solutions carry Dl, D5 and momentum 
charges in five dimensions. A natural problem is to extend these solutions by adding 
a Kaluza-Klein (KK) monopole charge to the system, to produce non-supersymmetric 
microstates of the four-charge system in four dimensions. In the supersymmetric case, 
the analogous problem can be solved in a systematic manner. The results of [30] imply 
that a large class of supersymmetric solutions can be described by a set of harmonic 
functions. In this language, adding KK monopole charge turns out to be equivalent to 
adding appropriate constants to some of these harmonic functions. However, the analysis 
of [32] has shown that the linear structure underlying the supersymmetric solutions is 
completely destroyed when we pass to the non-supersymmetric case. Thus, the solution of 
this problem will require the use of different techniques. We will approach this problem by 
the same route taken to construct the five- dimensional non-supersymmetric microstates 
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in [31]. We will first construct a suitable general family of stationary geometries, and 
then find constraints on the parameters to obtain smooth solutions. 

Qualitatively, we would expect the relevant solutions to look like the five-dimensional 
solutions of [31] placed at the core of a KK monopole. We could attempt to directly add 
the KK monopole charge to the general metric considered in [31] , which was first obtained 
in [33] . However, adding the KK monopole charge to the charged solution would be quite 
complicated. Instead, we observe that solutions with Dl, D5 and momentum charges 
can be obtained by starting from a suitable vacuum solution and applying a sequence 
of boosts and dualities. For the solution of [33], the relevant vacuum solution was the 
Myers-Perry black hole. We can add the KK monopole charge to this vacuum "seed" 
solution, and then subsequently add the other charges. This is a useful way to proceed 
because there are powerful solution-generating transformations for the vacuum solutions, 
based on an SL(3, M) symmetry of the equations of motion [3l]. This solution-generating 
transformation was used to construct black hole solutions with KK electric and magnetic 
charges in [35l [36] . It has recently been shown that it can be used to add KK monopole 
charge to any stationary, axisymmetric solution of the vacuum equations [37l l38] . The 
black hole solutions of [35l [36] might appear at first glance to provide appropriate "seeds" 
for us, but they correspond only to under-rotating versions of the Myers-Perry black 
hole placed at the core of the KK monopole, while smooth solutions are obtained by 
considering over-rotating black holes. In section [2l we therefore construct new seeds, 
starting from the Kerr-Bolt instanton. Once we add the KK monopole charge, the 
solutions we obtain will turn out to be an analytic continuation (in parameter space) of 
the solutions of [35l [36], and they indeed describe an over-rotating Myers- Perry black 
hole at the core of the KK monopole. The general solution carries KK electric and 
magnetic charges and angular momentum in four dimensions. The KK electric charge 
and angular momentum in four dimensions correspond to the two independent angular 
momenta in five dimensions, so we would expect them to be determined in terms of the 
other conserved charges when we obtain a smooth solution. 

Once we have obtained appropriate vacuum "seed" solutions, we add Dl and D5 
charges by a sequence of boosts and dualities in section [31 In this paper we restrict the 
analysis to the case with zero momentum charge. The general case has some additional 
complications which will be studied in a forthcoming publication. The solution is given 
in section 13. 3t the reader not interested in the details of its construction can skip to this 
point. 

In section [D, we identify solutions corresponding to microstates of the brane system by 
a systematic search of the parameter space for values at which all the singularities can be 
removed. We find that as expected, the smooth solutions are determined by the Dl, D5 
and KK monopole charges, and an integer n > 1. For all values of n greater than 1 the 
solutions are non-supersymmetric; for n = 1 the solution reduces to the supersymmetric 
D1-D5-KK microstate found in [25]. In section [5l we verify that the solutions identified 
in section HI are free of horizons, curvature singularities and closed time-like curves, and 
that the matter fields are also regular. 
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In section |6l we study some properties of the solitons. We find that there is a hmit 
in which the solutions have a near-core geometry which is an orbifold of AdS^ x S^; as 
in [31], obtaining this hmit requires a suitable scaling of the charges. Thus these solu- 
tions are good candidates to describe microstates of the D1-D5-KK black hole. A rather 
surprising feature of these solutions is that in the four- dimensional metric, there is no 
ergoregion. This is in contrast to the five-dimensional solutions of [31], where all the 
non-supersymmetric solutions had an ergoregion. This implies that the instability iden- 
tified for the five- dimensional solutions in [39] will not appear for these four- dimensional 
solutions. Investigating their stability is an important open problem. We also show 
that if we write the four-dimensional solutions as a fibration over a three-dimensional 
base space, this base space is identical to that obtained for the five-dimensional solutions 
of [3l] in [32]. Hence, as argued in [32], the picture of four-dimensional solutions as built 
up out of half-BPS "atoms" of [27] does not apply to these non-supersymmetric solutions. 

In the future, we would like to extend this class of solutions by adding momentum 
charge, thus producing non-supersymmetric microstates of the four charge black hole. 
This is not as straightforward as one might imagine, because the three charge solutions 
constructed here also carry an induced KK monopole charge along the y direction. Adding 
momentum along y by boosting in that direction will therefore produces NUT charges 
in the solution, which makes it asymptotically not flat (in four dimensions). It might be 
possible to cancel this NUT charge by starting with a seed solution which already carries 
some NUT charge. Then one can attempt to cancel the induced NUT charge against the 
one present in the seed metric. The details of the construction, however, are likely to be 
complicated. 

Another important issue to address is the stability of these solitons. It was shown 
in [39] that the five dimensional non-supersymmetric microstates of [31] suffer from a 
classical instability which arises from the presence of an ergoregion. We have shown 
that the four dimensional geometries we construct here do not have a four-dimensional 
ergoregion, so we expect that they do not suffer from this particular type of instability. 
It would be very interesting to investigate other possible instabilities of this system. 

It would also be interesting to relate the geometric picture of the microstates found 
here to a microscopic description. It would be particularly interesting to consider the 
behaviour of these microstates as we vary the coupling, along the lines of [27] , and see if 
they can be related to some quiver gauge theory description at weak coupling. 

2 Over-rotating vacuum solution 

We begin by constructing a suitable vacuum solution carrying KK electric and magnetic 
charges. As explained in the introduction, it is easier to add the KK monopole charge 
to the vacuum solution and then add the Dl and D5 charges, because we can add KK 
monopole charge to any five dimensional stationary axisymmetric vacuum solution of 
Einstein equation by an SL(3,]R) solution-generating transformation [23) EB]- The re- 
sulting general solution will also carry a KK electric charge; this can be thought of as 
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corresponding to angular momentum along the fiber direction in the five-dimensional 
geometry. We need to construct new vacuum solutions because the known black hole so- 
lutions of [35l [36] only describe under- rotating black holes. On the other hand, in order to 
construct microstates one needs a family of solutions containing horizon-free geometries. 
We could construct appropriate solutions by applying the procedure of [371 EH] to the 
over-rotating Myers-Perry solution. One finds, however, that these solutions lie in the 
same SL(3, M)-orbit as the Kerr-Bolt instanton trivially lifted to five dimensions. Hence 
one can equivalently construct the required vacuum solution by applying an S0(2,l) 
transformation to the Kerr-Bolt instanton. This construction has the advantage of pro- 
viding a parametrization which is similar to the one used in [35l [36] and, in fact, the 
solution we obtain is related to the one of [35l [36] by a simple analytic continuation in 
parameter space. 

2.1 The solution generating technique 

Let us briefiy review the solution generating technique of [M]. A stationary solution of 
five-dimensional Einstein equations can be brought to the form 

dsl = gab{dC + u}''idx'){di^ + J'jdx^) + ^dsl , r = -det^^b, (2.1) 

where a, 6 = 0, 1 and = t, = z. z is a compact coordinate and ^ is assumed to be 
Killing, u"' are gauge fields on the three-dimensional space parametrized by x*, and thus 
they can be dualized to scalars, Va, such that 

dVa = -TQab *3 du'' , (2.2) 

where *3 is performed with the metric ds"^. Introduce the 3x3 unimodular matrix 

X=('"^"4^"^^ Ll)- (2-3) 
The equations of motion can be written as 

d*3{x-'dx) = (2.4) 

and 

Bf^^ = ^TT{x^%XX^'djx). (2.5) 

As shown in [37], it is useful to interpret Eq. (12.41) as the integrability condition for the 
following: 

X^^dx = *3dK. (2.6) 
This defines a 3 x 3 matrix of 1-forms k. One has that 

u;° = -fi:°2, uj^ = -k\. (2.7) 
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The equations of motion are invariant under the hnear transformation 

X NxN^ , ^ {N^)-^kN^ , N G SL(3, M) (2.8) 

if the base metric ds^ is kept fixed. This SL(3, M) group of transformations can be used 
to generate new solutions from known ones. If one wants to preserve the asymptotic 
structure of the solution, which in our case is M^'^ x S^, the transformation matrix 
has to be restricted to the subgroup S0(2, 1). 



2.2 Constructing the vacuum seed metric 

We want to construct a vacuum solution with the following properties: it goes asymptot- 
ically to M'^'^ X 5*^, it carries KK electric and magnetic charges along the and, when the 
size of the KK monopole is made much larger than any other length scale, the solution 
reduces to the over-rotating Myers-Perry solution. We will obtain such a solution by 
applying an SO (2, 1) transformation to the following starting metric: 



dsl 



Hp' 



[m 



6cos( 



dz 



2mA (m — 6 cos 



bF 




[m 



6 cos I 



— — h dO + — sm 
A F 



where F and A are 



(2.9) 



F 



P 



m 



b\os^e, A = p2 



m 



(2.10) 



This is a Kerr-Bolt instanton lifted to five dimensions by adding a flat time direction. 
The X s-iid K matrices associated to the metric (12. 9p are 



K 



X 



2m ( cos 9 



-1 









0^~{m+b cos 6)'^ 



F 

2mp 
F 





2mp 
W 

p^ — {m—b cos 9)2 





2mbpsin^ 9 
F 

b sin^ 9{m+b cos 9) 
F 



\ 

2mA (m- 6 cose) 2™,^ 

bF ~b~ 

2mbp sin^ 9 



(2.11) 



(2.12) 



Of particular interest to us is the asymptotic behavior of k. This is important in de- 
termining the condition for the absence of NUT charge in the solution obtained after a 
general S0(2,l) rotation. We find that 




\ -2m cos 6* 

2mcos9 



(2.13) 
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for large p. Under a transformation A^, k transforms as in (12.81) : using also the fact 
that uj^ = —K^2, we see that the transformed solution is free of NUT charge if the (0, 2) 
component of the transformed k vanishes at large p. This leads to the condition 

N13N32 = NMs. (2.14) 

A general S0(2, 1) matrix can be decomposed as = N3N2N1 where 

cosh a sinh a 
A^i = I sinha cosha |, (2.15) 
1 

1 

A^2 = I cosh/3 sinh/? | , (2.16) 
sinh P cosh P 

cos 7 — sin 7 
A^3 = I 1 I . (2.17) 

sin 7 cos 7 

Using this parametrization of A^, we can rewrite the NUT elimination condition (12.141) 

as 

tan 27 = tanh a csch /?. (2-18) 

In order to impose this condition we will find it most convenient to solve the above 
equation for a, leaving (3 and 7 as free parameters. Using now the transformation rule 
(12. 8p . and reconstructing the components of the transformed metric from the transformed 
X and K, we arrive at the following metric: 



D f2 /J 2 

dsl = - {dz + A^dx'^f - ^{dt + uld<pf + A { — + de' + 
A t> V ^ 



A . 2 

^sm 



(2.19) 

where 

A = - 2Mr + + - ?>T? - 6^ (2.20) 

/2 = ^2 _ - 6^ COS^ ^ + p2 ^ g2 _ 3^2^ (^2.21) 
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A 
B 
C 

-I 



-dt+ + 



9 



S-M 



2JPQ cose 

(M + s)2-g2^ 
2 jpg cos e 



2g (r - S) 
2Jsin2e 



S + M (M 
2PJcos^(M + S) 



p2- 



P 

2PA 



r - M + 



(M-S)2-P2 ' 



COS 6 



(M + s)2 - g2 

2gjsin2 e [r{M - S) + MS + SS^ - p^ - Q^^ 

/2 [(M + s)2-g2] 



We have redefined the radial coordinate as 

p = r - M. 

The constants M, S, g, P and J are functions of m, 6, (3 and 7, given by 

m sinh /5 cosh /5 



V^r^sh?27cosl?^ 

; cos 7(1—2 cos^ 7 cosh^ /?) 



- sin^ 27cosh2/3 
sin 7(1 — 2 sin^ 7 cosh^ /?) 



M 
P 

Q 
J 
s 

VI - sin^ 27 cosh^ p 
It follows from this that the parameters of the solution satisfy the relations 



V^r^sh727cosh^ 
mb sin 27 / 1 — sin^ 27 cosh^ f3 



1 — sin^ 27 cosh^ P 



m cos 27 sinh (3 cosh [3 



+ SS^ - p2 



Q 



2 , 2 



P2 



E + M S-M 
52 [(M + E)2 - g2] [(M - S)2 - p2] 

P2 + g2 - Af2 - 3E2 



0, 

2S, 



In order to perform the dualities of the next subsection, we will also need the potential 
Vo associated to the metric fl2.19p . together with the components k^o,<^ and k°o,</) of ^• 



7 



They are given by 



Vo = --{.] cose + PQ), 



(2.38) 



QA cos e 
JP 



0,< 



(M-S)2-P2 

2 



(M + S)Acos^ 



((r - M)(M + S) + p2 + g2 - - SE^) sin^ ^ ,(2-39) 



(r - M) sin^ 6* 



(2.40) 



(M - S)2 - P2 

The metric f l2.19l) is analogous to the metric found in [53] , with the crucial difference 
that while the metric of [53| goes over to the under-rotating Myers-Perry solution at the 
core of the KK monopole, the metric fl2.19p approaches the over-rotating Myers-Perry 
solution in the same limit. As for the metric of [35], one can rewrite the solution (12.191) 
in a somewhat more convenient parametrization, analogous to the one found in [36]. In 
this new form, the parameters f3 and 7 are exchanged for parameters p and q, defined as 

P = M-J:, q = M + T.. (2.41) 

The constraints (I2.34p imply 



P2 



p(p2 -I- rn? 



(p + q) ip + q) 

j2 ^ T^2PQiP(l - m^f 



(2.42) 



(2.43) 



{p + qYm? 

We also return to the original radial coordinate, p = r — M. Then the metric functions 
can be rewritten explicitly in terms of this parametrization as 



r = p' + 



A = + - 6^ 

2 , _2 1.2 „„„2 



A 



B 



C 



f + 2p 
f + 2q 



P + 



m — b cos 9, 
b- 



{pq — m?) ^ ^/p^ + m'^ ^/q"^ + m? 
{p + q) m{p + q) 



{pq — rn?) ^ \/ p^ ^ m?' \/ (f ^ 



Vp + 1 

2Jsm^9 
2v^ 1 

Vp + qP 



(p + q) 

Vg2Tp7n2 (p + p) 

m?{p + q) 
^ [pq — m?) 



m{p + q) 



cos 6 



cos 9 



qVp'^ + 



6 cos 6* 



m 



p2 _|_ 17^2 A cos 6' 



- [pp — m )sm 9 



m 



(2.44) 
(2.45) 

(2.46) 

(2.47) 

(2.48) 
(2.49) 
(2.50) 
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The quantities needed for the duahties can be rewritten in this parametrization as 



pq 



A{p + q) 



bijpq - w?) ^ ^^5— ^ 1-7, 5- 

cos o' + V P + V 9 + 

m 



^1 



2 y/g 

/2 VP + g 



a/^^ + m^A cos 6' 



a/p^ + vrfihi^pq + 



■ sin^ ^ 



Acost'H — psm 

m(p + q) 



(2.51) 
(2.52) 
(2.53) 



This parametrization manifests the fact that the metric fl2.19p is an analytic continuation 
of the metric in [36] . The two metrics are related by 



PL = 2p, qi = 2q, 

rriL = —im, = ib, 
where pl, qi, mL and ai are the parameters of [36] . 



(2.54) 
(2.55) 



3 Adding charges via dualities 

In the previous subsection we have constructed a solution of the five-dimensional vacuum 
Einstein equations, whose asymptotic limit is M^'^ X S*^ . The only charges carried by this 
solution are KK electric and KK magnetic charge along the S^, which we denote by Pz 
and KKz, respectively. 

We can trivially lift this solution to ten dimensions by adding five flat compact di- 
rections, which we denote by y and zi, . . . ,24. By a sequence of boosts and dualities 
we can add charges corresponding to Dl branes wrapped along y and D5 branes along 
y, zi, . . . , Z4; we denote these charges as Dly and -D5yi234. A further boost along y would 
add Py charge, but we do not explicitly perform this last step in this paper. In this 
way we generate a non-extremal solution carrying Pz, KKz, Dly and DbyusA charges. 
When augmented with the last Py charge, this solution represents the most general non- 
extremal solution with four non-compact dimensions: all other solutions are related to 
this one by dualities. 

Let us start by introducing some notation. We rewrite the five-dimensional vacuum 
solution in (12.191) as 

dsl = -{l~H){dt + Af + dsl (3.1) 



where 



'1-H) = -gtt , A = uj'^ + —{dz + u;^ 



9tz,, , 1, Ap-C^ C 



9tt 



gtt' AB ' A' 



-.2 _ / J„ , ^ .1\2 , 1 j„2 P 



dsi = (dz + + -dsi , T='—. (3.2) 

gtt ' T A 
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When lifted to ten dimensions this solution becomes 

4 

ds^Q = -(1 - H){dt + Ay + dsl + dy"^ + ds'^4 , ds'^4 = ^ dzf. (3.3) 



3.1 Duality chain 

In the following we describe the sequence of boosts and dualities required to add the 
desired charges. At each step, the charges of the resulting solution will be given in 
parenthesis (for brevity, we will omit the starting P^, KK^ charges, that are present 
throughout). Since this procedure is fairly standard by now, we will be very schematic. 
The only computationally challenging step is the dualization of the RR 6-form into the 
corresponding 2-form, so we will give more details of this step. For brevity, we introduce 
the notation 



si,5 = sinh 5i,5 , c^s = cosh (5i,5 , ifi,5 = 1 + H sinh^ 5i_5 



(3.4) 



denotes the NS-NS B-field and the p-form RR field. $ is the dilaton. All 
metrics are in string frame. Our conventions for the normalization of the gauge fields 
and U-duality rules are as given in Appendix A of [5]. 

3.1.1 Boost along y with parameter ^5 {Py) 
The change of coordinates 



t ^ cgt + ssy , y ^ s^t + c^y 



(3.5) 



produces the metric 



dy - ^^^Jl^ {dt + c^A) + s^A 



{dt + c^Af 



(3.6) 



3.1.2 T-duality along y {Fly) 



ds^ 



5(2) 
2<f> 



C5S5H 



H) 



{dt + C5A) + S5A 



(dt + C5AY + dsl + ds'^4, 
A dy, 



(3.7) 

(3.8) 
(3.9) 
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3.1.3 Boost along y with parameter 5i {Fly — Py) 
The transformation 

t-^cit + siy, y^sit + ciy 



gives 



dslo 



5(2) 

24, 



[dt + ciCs^]^ + ds\ + (is^4, 



H1H5 
C5S5H 



(3.10) 



(3.11) 



[{dt + CiCs^) A {dy + SiCs^)] + A {cidy - Sidt) , (3.12) 

(3.13) 



3.1.4 S-duality {Dly - Py) 



^(2) 
^20 



1/2 



, ciS\H 

dy — — [dt + C1C5A) + S1C5A 



Hi 

C5S5H 



(3.14) 



[{dt + CiC5^) A (dy + S1C5A)] + S5A A {cidy - Sidt) , (3.15) 

(3.16) 



3.1.5 T-duality along {D5yU34 - Py) 



Hi 



H, 



1/2 



, ciSiH 

dy — — [dt + C1C5A) + S1C5A 

Hi 



1 2 



^ [dt + cic^Af + Hl^^dsl + H^^'^dsl,, 



Hl'^Hi 



^(6) 
^2</> 



'5 

C5S5H 



H. 



[{dt + ciC5^) A {dy + siCs^)] + S5v4 A {cidy — sidt) 



H^\ 



(3.17) 



A d^f ,(3.18) 
(3.19) 



Note that the type IIB action in our conventions only includes p-forms with p < 4. Thus 
the 6-form gauge field generated in the step above has to be dualized to a 2-form by 
using the electric-magnetic duality. Note that in the general case (i.e with a non-trivial 
NS-NS 2-form) the duality equation is modified by the presence of Chern-Simons terms. 
However in the case at hand, there is no NS-NS 2-form field and the duality equations 
are the naive ones given below. 
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3.1.6 EM duality 

As explained above, in order to perform the dualities that follow, we need to dualize the 
6-form to a 2-form C^^\ That is, we have to find a C*-^-* satisfying 



where * is performed with the metric fl3.17p . From fl3.18p we find 



^^dH A {dt + C1C5A) A {dy + SiC^A) + J^^^^ dA A {cidy - Sidt) 



Define 1-forms uii and UI2 as 



so that 
and 

-- 



(jji = dt + C1C5A, 

UJ2 = dy — ui + siCiA, 



Slil-H) 
Cidy - Sidt = C1LJ2 — uJi, 



C5S5 



dH AuJi Auj2 + 



dA A ( C1UO2 



Sijl- H) 
Hi 



(3.20) 

A dzl 
(3.21) 

(3.22) 
(3.23) 

(3.24) 



Adzf. (3.25) 



Let T]*^^-*, T]*-^'' be any 1 and 2-forms on ds\. The Hodge star operation acts as 



[r]^^'^ A cui A a;2 A dzf\ 



HI 



*4 v 



(1) 



[r/(2) A c^i A dzf] 



HiH 



^(*4r/(2)) A^2 



(l-H) 



[r/(2) A A dzf] 



H,{l-Hfl^ 



Hi 



(*4?7''^'') A uji. 



(3.26) 

(3.27) 
(3.28) 



We can use these relations to compute 

*4dH 



C5S5 



1 - Hf/\*idA) A A 



+35(1 - Hf/^{*4dA) A {cidt - Sidy). 



The C^'^^ solving (13.201) can then be written in the form 

C(2) = C5S5C + S5B A {cidt - Sidy), 



(3.29) 



(3.30) 
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where the 1-form B and the 2-form C have to satisfy 

dB = {1- Hf/\*4dA), (3.31) 

= ((Y^^^ + (1 - Hf'indA) A . (3.32) 

The duahzation problem has thus been reduced to finding B and C that solve (13.311) and 
(I3.32p . Note that these equations involve only the seed vacuum metric. 
Let us first look at B. If we further decompose B as 

B = B,{dz + u^) + B^d^, (3.33) 

we find that f l3.3ip implies 

dB, = rXoa *3 duj" (3.34) 

and 

rf(i5<^rf0) = *3(x^Mx)'o- (3-35) 
Comparing these equations with the ones defining Va and k, we see that 

= -K), B^d(l) = K\. (3.36) 

Similarly let us write 

C = (dz + uj^) AC,, (3.37) 

where is a 1-form on the 3D base, which in our case has only has a component along 
(f). Then (13.321) implies that 

d{C, + Vou^) = *3{x-'dx)\, (3.38) 

so that a solution is 

= + K%. (3.39) 

In conclusion, we have related the solution of the duality equation (13.201) to the 
quantities Vq, u"-, k that have been computed for the 5D vacuum solution in (I2.511l233|) . 
The RR 2-form C(2) dual to C(6) is given by (K30^ with 

B = -Voidz + u^) + k\, 

C = {dz + u'^) A [-Vouj^ + k\]. (3.40) 
3.1.7 S-duality {NS5yi234 - Py) 



dslo = Hi 



C\S\H 

dy — — [dt + CiC^A) + SiC^A 

-"1 
1 — H) 

[dt + CiC^Af + H^dsl + ds'^4, 



Hi 

5^^) = C5S5C + S5BA{cidt-sidy), (3.41) 
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3.1.8 T-duality along y {NSbyi2M - Fly) 

:i-H) 

Hi 

ciSiH 



,20 



H{^[dy + sis^BX 

C1S5B 
C5S5C H — — A at 



[dt + CiC^Af + H^dsl + ds'^i, 



+S5C5S1- 
Hi 



Hi 
.1-H. 



Hi 



{dt + C1C5A) — S1C5A 



Ady 



Hi 



-BAA, 



(3.42) 



3.1.9 S-duality iD5yi234 - Dly) 



ds^ 



^-1/2^-1/2 ^^^y ^ ^^^^^j2 _ (1 _ ^) ^dt + CicAf) 



l/2rrl/2,^2 , ^1 



1/2 



+H[''Ht,''dsi + 



:dSn 



H 

C5S5C H — ^-rr— A (it 



1/2 ""'T*, 



Hi 
H, 



Hi 
,l -H 
Hi 



CiSiH 
Hi 



{dt + C1C5A) — SiC^A 



BAA, 



A dy (3.43) 



(3.44) 



This is the final result: it describes the non-extremal geometry with P^, KK^, Dly and 
-D5yi234 charges. 



3.2 Change of gauge 

It is convenient for later purposes to make a coordinate transformation 



, Q q{q^ + m?) 

y = y- S1S5— z = y- sis^x — ^- — ^z. 



If we combine this with a gauge transformation 



C^'^-.C^'^-CisJ^-^f^^dtAdz, 



(3.45) 



(3.46) 



this will leave the metric and two-form gauge field in the same form as before, but with 
a shifted B: 



-{Vo 



q{q^ + m?) 
p{p^ -\- m?) 



){dz + uj^) + (4 



g(g2 -|- m?) 

7UJ , 



p{p'^ + m?) 



(3.47) 
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We would like to re-absorb this shift into a redefinition of Vn and kI as indicated; since 



This also involves shifting k\ 



0' 



(3.48) 



(3.49) 



Thus, the solution is of the same form as before after this transformation, but with the 
new quantities 



Vo = - 



1 / g(g2 + m^) 
A y p(p2 -)- rn2) 



f +2p\ P + P+ — J — -cos^ 



1 26^V^Tgsin2^ / , 2N , 2/ M 
= — , — —[pyPQ + m ) + m [p - q)\, 



m 



A cos 9 + \ I — — {pp — rn?) sin^ 6 

pZ _|_ rfj^Z rfji 



(3.50) 
(3.51) 
(3.52) 



Henceforth we will always work in this coordinate system, and will omit the prime on y. 



3.3 Summary of the solution 

We have now constructed an appropriate solution carrying the required charges. Let 
us collect together some information about the solution here for ease of reference. As 
in [21] , it will be convenient for studying the singularity structure to rewrite the solution 
by writing factors of A explicitly. Let us therefore write (1 — H) = G/A, if 15 = Hi^^/A. 
Then the charged metric can be written as 



dslo 



(3.53) 



^(rf- + -T + ^ + rf^^ + ^sin^ 



+ ^^dsn 



and the matter fields are 



C(') = c,s,C+^-^^Adt + 
Hi 



ciSi{A - G) 



{dt + C1C5A) — S1C5A 
"^5' 



G 

Ady + s^c^sj^B A A, 
Hi 

(3.54) 
(3.55) 
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where 



C 



C 

A = uJ^ - —{dz + uj'^), 

Gr 

B = -VQ{dz + uj^) + kI, 
{dz + 00^) A (-1/oCU° + 4) = dzA (-1/oCU° + k[J), 
H^,, = A+{A-G)sl„ 
Ap - C 



G = A{l-H) 



B 



(3.56) 

(3.57) 
(3.58) 
(3.59) 

(3.60) 



The functions from the vacuum metric are given in equations fl2.44| - [230l) . and we work 
with the shifted y coordinate, so the quantities from the electromagnetic duahty are given 
in (I3.50l - [3752|) . The determinant of the metric is 



9 



(3.61) 



Since both the y and z directions have a finite size as p ^ oo, the solution is asymp- 
totically flat in four dimensions. By rearranging the metric, we can rewrite it in a form 
which is suitable for Kaluza-Klein reduction, 



ds 



10 



Hi" 



c 

A{dy + SiS^By + D{dz + uj^ + CiC5 — {dt + Cic^uj^)^ 



(3.62) 



AD 



{dt + c\c^iJ 



0n2 



df_ 

A 



dQ^ 



A 



sm 



+ — 



1/2 "-^T*) 



where 



D = Bejel - ficlsl + sjel 



2 2 



The charges of the four-dimensional asymptotically flat solution are 

1, 



(3.63) 



M 
V 

Q 
J 

Q^ 



[p + qil + sf + si)], 



2 
P 

QC1C5 

JC1C5 : 



Ipijp -|- 77i2~] 

p + q 



(p + q) 



-C1C5, 



y^ipq-m^) 

-- 7 — ^ — C1C5, 

m[p + q) 

2 = 1,5. 



(3.64) 
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Here Ai is the mass of the solution and its angular momentum, expressed in units 
for which G4 = 1; V, Q, Qi and Q5 denote the KK monopole, KK electric, Dl and D5 
charges. 

3.4 BPS limit 

Let us consider the limit of the geometry (13.531) in which m — 0, with the charges and 
the angular momentum held fixed. If the charges Qi and Q5 are fixed to non-zero values, 
then the boost parameters Si and ^5 must be taken to infinity. The resulting geometry 
can be parametrized by its charges, V, Q, Qi and Q5 (assumed to be positive), and by 
the angular momentum parameter b, all of which are finite in this limit. One finds, using 
Eqs. (13.641) . that p, q and 6i should behave as 

p = r + Oim), q=^!^y^ + 0{m'), sinh 5, = + 0(m°), ^ = 1,5. 

(3.65) 

In this limit the mass of the solution reduces to the sum of the Dl, D5 and KK monopole 
charges: 

M = ^[P + Qi + Q^]. (3.66) 

This shows that the limit m — * saturates the BPS bound. 
Let us introduce the new coordinates 

r = p — cos u, cosy = ; -. (3.67) 

p — b cos 9 

The metric, gauge field and dilaton one obtains after performing the limit (I3.65P can be 
recast in the form 

VZ5/ 

dsl = V-\dz + xY + V{dr^ + f^d9^ + r^sm^9^d4>^), 
C(2) = Z,A{dz + x) + {dy + dt + Up)A(y^^^ 




(3.68) 



Here Zi, Z5, and V are harmonic functions on the flat three-dimensional space spanned 
by the coordinates f, 9 and 0; k and up are 1-forms on the four-dimensional space with 
metric ds"^, of the form 

k= {Hu + ^){dz + x) + k, up = ^{dz + x)+^p, (3.69) 
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where Hk and Hp are harmonic functions and k and u are 1-forms on M? that satisfy 
*3 dk = VdHu - HkdV - , *^dQp = -dHp, (3.70) 

with *3 the Hodge dual on M'^; x and are 1-forms on related to V and Z^ by 

*3 dx = dV, *3 rf^5 = dZ^. (3.71) 

Now f l3.68p is of the general form of a supersymmetric solution with a Gibbons-Hawking 
base space, and vanishing momentum along y. This general form was obtained in |30j . 
This shows that in the m — > limit the solution fl3.53p becomes supersymmetric. 

The explicit values of the functions V, Zi, Hk and Hp, which are obtained by taking 
this limit of fl3.53p are: 

V = l + ^, Z,= l + ^, t = l,5 
r Tc 

Hk = -§^(l + ^). Hp = ^ + ^a-l), (3.72) 
2Qk \ J Qk Qkc r^J 

where we have defined 

c = 2b Qk = '2V, QKe = '2Q, Q^ = 2Qi, z = 1,5 

fc = V r'^ + + 2cr cos 9. (3.73) 

Let us review the analysis of the singularity structure of the supersymmetric metric 
f l3.68p . A general analysis of the regularity of metrics of the form fl3.68p has been per- 
formed in [25l [IHl [ini [261 122] • One should ensure that the 1-forms k and up are regular 
at the point f = 0, where the KK monopole potential V diverges,. This, in particular, 
requires that 

k, = Hk + ^ = (3.74) 
at f = 0. This condition is satisfied if 



QiQb — Qks 



'Ke 



(3.75) 



It can be checked that, with the condition (13.751) . the metric (13.681 [31721) is regular if the 
coordinates y and z are subject to the identification^ 

(l/, 2) ~ (y + 2'KRy, z) {y,z + 2ttR^) 

Ry = , R, = 2^, NK^n. (3.76) 

This metric with these identifications coincides with the smooth supersymmetric D1-D5- 
KK solution found in [25] by a completely different method, i.e. by adding KK charge 
to the extremal D1-D5 geometry of [H [1]. 



^Thc metric is strictly speaking regular only for Nk ~ 1- For Nk integer greater than one, the metric 
has the usual conical singularity corresponding to coinciding monopoles. 
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4 Finding smooth solutions 



Within the family of metrics constructed in the previous section, we want to see whether 
there are any smooth solutions. We can see by inspection that the metric will have 
coordinate singularities at Hi = 0, = 0, 6 = 0,7r and A = 0. Because ifi^s involve 
1/B, it will also have singularities at i? = 0. Although the form of the metric in (13.531) 
appears to involve factors of 1/G, these cancel out in the actual metric coefficients, as 
can be seen from the alternative form (I3.62p . so there is no problem at G = 0. There is a 
potential coordinate singularity at A = 0. There is also a potential singularity at = 0, 
but since = A + 6^ sin^ 9, we will always meet a singularity at A = first. 

We will focus on the singularity at p = po = Vb"^ — rn^, where A = 0, and try to 
interpret it as a smooth origin. As usual, 6' = 0, tt should be coordinate singularities. 
This will require appropriate identifications, to be analysed later. We would expect that 
the other coordinate singularities would be true curvature singularities, so we wish to 
arrange to have solutions where Hi, H^, A, B > everywhere. The determinant of the 
metric on the surfaces of constant p vanishes at A = 0. For the case with no momentum 
charge which we are studying in this paper, we require the identifications of y and z to 
lie in the surfaces of constant t. Hence for p = po to be a smooth origin, we need the 
determinant of the metric on the surfaces of constant p and t to also vanish there. This 
determinant can be easily evaluated using (I3.62p : 

= [^^^ ^ - '"^Kf'^in ■ (4-1) 

In particular, at A = 0, this is a non-zero factor times the square of 

Therefore, for the determinant to vanish at p = po; we need 



This implies 



[pq — m^) 



2 m^ip^ + w?){q^ + rn?) 



(4.3) 



(4.4) 



{pq — m?Y 

We will always assume we take the positive square root. If the parameters satisfy (14. 4p . 
the singularity at A = is a degeneration, where one of the spatial directions is going to 
zero size. 

We should check that no other singularity will be encountered in the region p > po, 
< < TT. Using (14.40 . we can rewrite 

A = f + 2pL-po) + -(l + cose)l , (4.5) 
L Po 
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(P - Po) H (1 - cos 61) 

Po 



B = p + 2q 

so we can see that A> Q and i? > for p > po- Also 

= Ac? - Gs? = A 



P 



B 



—s' + — sf > 



5 



(4.6) 



(4.7) 



for p > Po, as A > and B > p . Thus, when (14. 4p is satisfied, the only singularities in 
the metric are at p = po and at ^ = 0, vr. Each of these is a degeneration in the (?/, 0) 
part of the metric. 



4.1 Identifications 

So far, we have performed a local analysis. We now want to see what global identifications 
we need to make in the (y, 2;, 0) space to have a smooth metric. At each of the three 
coordinate singularities, p = po, 6 = 0, or 6 = ir, some combination of these directions is 
going to zero size, and we want to choose an appropriate period to make this a smooth 
origin in a plane (we could in general allow orbifold singularities, but for simplicity we 
focus on the task of constructing smooth metrics). We will write a general Killing vector 
in this space as ^ = (9^ — ady — (3dz, and choose a and (3 to make the norm of the Killing 
vector vanish at the degeneration in each case. The direction which goes to zero size is 
then along (p at fixed y + a(j), z + In each case, it will turn out that we have to set 
a = sis^i^l^^, P = LJ^to make the contributions to ^-^ from the first line in (I3.62p vanish. 
Consider first the singularities at 6* = 0, tt. At ^ = 0, = A, cj^ = 0, Kq = 0, and 



1 \/P\/ V + 
^1 _ ^ V^V ^ — ^0 = 2Vd(t). 4.8 

Thus the direction which goes to zero size at ^ = is along at fixed z + 27^0, y. The 
metric looks locally like dO'^ + sin^ Odcf)^, so (p needs to be a 2ti periodic coordinate. Thus, 
the identification required to make this a smooth origin i^ 

(l/,^,0) ~ (y,2;-47rP,0 + 27r). (4.9) 

Similarly, at 6* = tt, = A, uj^ = 0, Kq = 0, and uj^ = —2Vd(j), so the direction which 
goes to zero size at 6* = vr is along </> at fixed z — 2V(j), y, and the required identification 
is 

(|/,2;,0) ~ (y,2 + 47rP,0 + 27r). (4.10) 
Finally, at p = po, P = sin^ 6, = 0, = -2Vd(j), 



^0,^ = 4g— F==, (4.11) 

y + 



^Thc shift oi y hy z we introduced in section r3.2l was chosen to make this and the next identification 
be at constant y. 
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so the relevant circle is along at fixed z — 2V(f), y + 4:SiS5q^^y^^= . The leading contribu- 

tion to the non-zero size of this circle away from p = po comes just from the sin^ Odcj)^ 
term in the metric; the first line of fl3.62p makes a contribution of order (p — po)^. There- 
fore, writing p = po{l + 2^^), the relevant part of the metric is 

6^' 



Ax/H,H,{dz' + ^d^'). (4.12) 



Thus, the necessary identification here is 



\I P I 

{y, z, 0) ~ - Sirnsis^q z + 47™^, + 27m), (4.13) 



m 



where n = b/pQ. We will write 



R. = 4,^^s,s, (4.14) 



in subsequent expressions for compactness. We want the metric that we obtain by Kaluza- 
Klein reduction from (13.621) to be asymptotically flat in four dimensions, so after the di- 
mensional reduction, must be 27r periodic. Given the identification (I4.13p . this imposes 
a second condition on the parameters: 

n = ^ e Z. (4.15) 



Vb 



m 



If we consider a solution satisfying (14. 4p and (14.151) . and the periodicities (14. 9 [ I4.10[ 
I4.13p . the metric will be smooth at the coordinate singularities. We will verify in the 
next section that it is also smooth in the corners where two circles are going to zero size 
simultaneously, and that the matter fields are smooth. 

It is important to note that the periodicities (14.91 14.10[ 14.130 do not fix the lattice 
of identifications in the y, z, space uniquely. This is because although we need each 
of these identifications to be a primitive vector in the lattice@ (SH KM I4l3l) do not 
necessarily form a basis for the lattice. Specifying the most general lattice consistent with 
the requirement that (14.91 14.101 14.131) are primitive lattice vectors is quite complicated, so 
we will not discuss it in detail. As a particular example, this freedom includes the freedom 
to choose the integer-quantized magnetic Kaluza-Klein charge. We get a solution with 
Nk units of magnetic Kaluza-Klein charge on reduction to four dimensions by taking the 
basis of identifications to be 

V 

{y, x\ 0) ~ (y - 2nnRy, z, 0) ~ (y, 2; + Svr— , 0) ^{y,z + AttV, + 27r). (4.16) 



■^This is necessary to make the metric smooth at the corresponding coordinate singularity. If the 
identification is not a primitive lattice vector, we will have an orbifold singularity where this cycle 
degenerates. 
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This is one example of a large space of possibilities consistent with (14.91 14.101 I4.13p . 
In the rest of this paper, we will generally proceed as if (14. 9 j 14.101 14.131) is a basis of 
identifications; any other possibility corresponds to taking an orbifold of the spacetime 
we describe. In particular, more general possibilities may have orbifold singularities in 
the corners in the ten-dimensional metric. 

These smooth solutions admit a unique spin structure, which has antiperiodic bound- 
ary conditions for the fermions around each of the contractible cycles (14. 9p . (14.101) and 
(I4.13p . The fermions will thus be periodic under 2; ~ 2 + SirV, and will be periodic under 
y y — 2'KnRy for odd n, and antiperiodic for even n. Thus, for odd n, the solutions 
have a spin structure compatible with preserving supersymmetry at large distances. 



4.2 Solving the constraints 

There are two constraints on the parameters to obtain a smooth solution, (14. 4p and 
(I4.15p . It is useful to have an explicit solution of these constraints. We can obtain a 
simple solution by treating p and po as the independent parameters, and solving for 
everything else in terms of them. We then have 

6 = npo, rri = po{n -1, q=- — . 4.17 

We assume pQ,p are such that g > 0. The various functions appearing in the solution 
can be rewritten in terms of these parameters, which makes their positivity properties 
more manifest: 

A = p^-pg, f = ip'-pl)+pysmH, (4.18) 
A = f + 2p[{p - po) + nVo(l + cos 6)], (4.19) 

C = ^- — — p-po + Po+l> 1 -cos^ , 4.21 

VP - Po{n^ - 1)) 

_ 2 J sin=^ e{p - Po) 2 _ plpjpo+pWin^ -If 
^ 7^ - — 7 — 7TT — ) (4.2/;; 

r {p-po{n^-^)) 



= ^^p{p- Poi'n? - 1)) [(p^-pg) cos _ ^^^ (p-po)sin^g-nVo sin^ e]d(l), 

(4.23) 



2 



and 



- -"^ lip 1))3 V' ^ ^"'^ ^pHp^P.,)^os (4.24, 
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.1 



Kn 



(p_p^(^2_l)) f2 

^ 2 po{p + po){n^ - 1) 



(p2 + 2ppo-p^(n^-l))(p-po) (4.25) 



{p-poin"^ - 1)) 
+2p^(n'-l)(po+P 

(p'-Po)cos^ + 



n^po 



{p- Po{n^- 1)) 



(PP " Pol"- ~ 1)) si'^ ^ 



(4.26) 

This parametrization will be used later in relating the n = 1 case to the supersymmetric 
solution and to study the near-core decouphng limit of the solutions. 



5 Verifying Regularity 
5.1 Matter fields 

The dilaton is clearly regular. For the gauge field C^'^^ , we would like to see that it is possi- 
ble to make gauge transformations to make the field regular at each of the degenerations. 
Recall from section 13.31 that 



C^^) =c,s,C + ^^Adt~ 



CiSiH 
Hi 



(dt + cic^A) + sic^A 



Ady + s^c^sj- 



H. 



Hi 



-BAA, 
(5.1) 

where A, B, C are given in fl3.56[ I3.57[ I3.58|) . We need to calculate the component of this 
two-form along the degenerating direction i = d^ — ady — pdz. This is 



i^C(2) = [cs^i-Voul + 4^) + aciSiH + /Scis^Vq] 



dt 
Hi 



C C 



G 



H) 



Hi 



dy 



+ 



c^sMujyi - K%Hi - (1 - H)^k1^sI) + asMl - nf 



G 



dz 
Hi 



-asicil - H){uj° - ^uj') - pc,s,i~Vou'cl + 4Hi + ^(1 - H)t,lsl' 



1 

Hi' 
(5.2) 



Since at each degeneration, a = Sis^^l^^ and /3 = u^, we can consider the three different 
degenerations simultaneously by substituting in these values of a and p. Substituting 
these in, 



Hi 



V Hi 



dz 



(5.3) 



Hi 
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Note that this expression is vahd only near one of the coordinate singularities. Since 
a;° = at each of these, this expression simplifies to 



i^C(2) 



(5.4) 



These remaining terms are all constants. Thus, these components of C*^^-* are locally pure 
gauge, and it looks like we ought to be able to remove them by a gauge transformation 
to obtain a two-form potential which is regular at the degeneration. 

However, this may not be possible globally. The integral of C-^^ over a closed two- 
cycle is gauge- invariant, and if there is a non-zero integral over a two-cycle which shrinks 
to zero size, it will indicate a singularity in the gauge field. We therefore need to consider 
whether there is any such integral which is non-zero. Since the component of C^"^^ along 
the degenerating direction never has a non-zero dy component, the integrals to consider 
are where we integrate over the degenerating cycle and one of the two cycles (14. 9p . (I4.10p . 
Here we need to consider the cases separately. If the cycle (14. 9 p is degenerating, then 
uj^ = 2Vd(f), and the integral over the 2-cycle formed by the product of the 1-cycles (14. 



When it is the cycle (I4.10p which is degenerating, uj^ = —2Vd(f), and the integral over 
the 2-cycle determined by the cycles (14. 9 p and (I4.10p has the same value as in Eq. (15. 5p . 
When it is ( ]4.13p which is degenerating, = —2Vd(f), so the integral over the product 
of (I4.13P and (I4.10p vanishes, while the integral over (I4.13p and (14. 9 p has the same value 
as in (15. 5p . 

These non-zero integrals of C'-^-' do not immediately imply a singularity in the gauge 
field, as there is still the freedom to make large gauge transformations. That is, the gauge 
potential (and hence the integral) actually take values in a circle rather than the reals. 
If the right-hand side of (15.50 is an integer multiple of the size of the gauge group, it can 
be set to zero by a large gauge transformation. 

The requirement that (15. 5p is an integer multiple of the size of the gauge group is in 
fact just the usual quantization of a magnetic charge, required to make the gauge field 
well-defined over the whole sphere at large distance. Let us review the usual form of this 
argument. The magnetic charge associated with C'-^-* is the integral of the three-form 
field strength over the surface spanned by [6, z, </>). If we work in a fixed gauge, we can 
write this integral as 



At = 0, 71, the dz/\d(j) component of C^^-* from (I3.54p is simply C^^ |6i=o,7r = CsS^dz/\K\ 
^2qc^s^dz Ad(f) = ^2Q^dz A d(f). Thus, integrating over (14. 9 p and (I4.10p . 



and dHUD is 




(5.5) 




(5.6) 




(5.7) 
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Now in this gauge, the gauge field is not well-behaved at either end of the range. If we 
change the gauge so C^^ |e=o = 0, then since the charge is gauge-invariant, we will have 

(2) 

Cl^\g=T, = AQ^dz A d(j). For the gauge field to be globally well-behaved on the whole 
surface, there must be a large gauge transformation which can be used to shift this to 
zero. This is equivalent to requiring that the charge (15. 7p is a multiple of the size of the 
gauge group. This large gauge transformation is then precisely what we need to see that 
the integral (15.51) of the two-form over the degenerating two-cycles is gauge-equivalent 
to zero. Thus, we have succeeded in showing that the gauge field is regular up to gauge 
transformations. 



5.2 Corners 

With the conditions above, the solution is smooth at p = po ot 6 = 0, n. However, it 
is not clear what happens in the 'corners', where p = po and 6* = 0, tt. In this section, 
we will introduce coordinates which explicitly show that the ten-dimensional geometry 
is smooth at these points as well. 

Consider first the corner at p = po, 6 = 0. Define new coordinates bjfl 

^= (P-Po) +Po(l -cos^), (5.8) 

rcos^^ = ^^(1 + cos^). (5.9) 

In the new coordinates, p = po) ^ = is at f = 0, with p = po, 9 along 6 = n, and 
p Po, 9 = along 9 = 0. In these coordinates, 

^ + d9'' = —idf' + f'd9'), (5.10) 
A rVc 

with = + 4fpo cos 6' -|- 4pQ. Near f = 0, 

P-Po ~ ^(1 + cos^), sin^^^ — (1-cos^), (5.11) 
2 Po 



so 



where 



We also have 



A ^ fpo(l + cos^), (5.12) 
f ^ 2fpo7, (5.13) 

7 = 1[(1 + cos^) + 71^(1 -cos^)]. (5.14) 
2 

(5.15) 

Po 



*Note that for n = 1, these are the same as the coordmates used in section 
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m 



B ^ 2f(po + q)l 
1 + cos ff 



Po 



COS 9) 



(5.16) 
(5.17) 



The above scalings imply that G, and hence -^1,5, remain finite as f — 0: the vanishing 
of B in the denominator of (I3.60p is cancelled by the factor of A, C"^ in the numerator. 
Also, Hi 5 are constants, as 



G 

B po + q' 
The one-form ^ ~ (9(f), so we can ignore it, while 



(5.18) 



'qip + q) 

q2 _|_ ^2 



dz 
W 



(5.19) 



Hence the first line in (13.531) just involves constants in this limit. After some algebra, the 
non-constant part of the metric becomes 



AG 



{dz + uj 



1\2 



dl_ 

A 



de' 



^2 



A 

2 



sm 



2por 



Thus, if we define coordinates f = B?, 9.. = 2^9, 



dP + Pd9^ 
2" 

2V J 



(5.20) 



dz \ ■ 



1 



y = y + ^((p + —^ 



(5.21) 



(5.22) 



2 V' ■ 2PJ ' 

the non-constant part of the metric becomes the standard metric on M^, while the identi- 
fications (14.91 14.101 14.131) become respectively ipi ipi+ 2n, y y + 27iBy, ip2 ^ ^^2 + 27r. 
Thus, the local geometry is globally M^, and hence smooth near this corner. 

Consider next the corner a.t p = pq, 9 = it. We similarly define new coordinates 



rc = {p- Po) +Po(l + COS1 
2^0 P - Po , 



Tr COS 



;i -COS^). 



(5.23) 



(5.24) 



In the new coordinates, p = Pq, 9 = n is a.t = 0, with p = po, 9 ^ n along 9c = vr, and 
p ^ Po, 9 = n along 9c = 0. In these coordinates. 



^ + d9' = ^{drl + rld9l) 
A rrr 



(5.25) 
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where now r = + 4po'"c cos 6'c + 4pQ. Near Tc = 0, 

P-Po ~ 5(1 + cos^c), sin^^ f» — (1 -cos^c)- (5.26) 
^ Po 

so 

A^fePo(l + cos^e), (5.27) 

/2 ^ 2f,po7c, (5.28) 

where as before we will define 

7, = ^[(l + cos^,) + n2(l-cos^e)]. (5.29) 

We also have 

A ^ 2f,{po + phc (5.30) 

5-1^, (5.31) 
Po 

^ _ V/Vg2 + m2(p2 + m^) 
\^p'+~q{pq — rm?) 

Thus for small f^, G ~ —C'^/B is a constant, and Hi^^ are then constants: 

O"" 2 4g^(p^ + m^) 2 

, u;^ ^ -2Vdct), (5.34) 



~ 2 ^4gV+^2 ..33^ 

-"1,5 5"'Sl,5 7— n\ -^l.S- (^O.ddj 



Also, 

AG ^ Po+p' 

so the -^{dz + u;^)^ term in the metric is a constant size circle, and the non-constant 
part of the metric is, up to an overall factor, 

dT? = -^ + de^ + — sin^ ed(f)^ + -^^{dy - SiS^Voidz + u^) + siSg^)^- (5.35) 
A H1H5 

After considerable algebra, this becomes 

rfS2 ^ Ji^^drl + r^del) (5.36) 
2porc 

+ — (1 + cos 6'c)^^ {dy - sis^Voidz + u^)) 
Po -K^ 



H — ^(1 - cos 6'c) ( dcp + -^{dy - siS5VJ)((iz + uj^)) 

Po \ -fLy 
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If we set fc = i?^ ec = 2d, z = z- 2V(f), 



this becomes the standard metric on M^, plus some terms involving z which are small 
compared to the ■jQdz'^ factor. The identifications fl4.10p . (14.131) become in these coordi- 
nates simply ~ t/'i + 27r, ip2 ^ '4'2 + 27r, so the metric is globally M^, and hence smooth 
near this corner. 



5.3 Closed timelike curves 

Finally, we verify the absence of closed timelike curves in this metric. We will do this by 
showing that t is a global time function, which requires < everywhere. A basis of 
orthonormal vector fields for fl3.62p is 

e'= ^ ' ^ dy, e'= ^ ' 1! id, + sis,Vody), (5.38) 



e3 = , ^ dr, = -de. (5.39) 



VAD 



= — ^ -{dt - cic^d,), (5.40) 

= sin #5)1/4 ^^'^ ~ sis^nl^dy - uj\d, - c^c^J^dt), (5.41) 
plus four more for the T^. From this, we can compute 

P VHi H5 A sin^ 9 \/ Hi H5 

To show this is negative, we will write it in terms of separate factors independent 

of the charges, and show that each of the factors is negative separately. Let us write 

fif** = ] , U, where 

U = Fi + {sl + sl)F2 + clclF^ (5.43) 

and 

Fi = (1 + H)AfA, F2 = HAfA, (5.44) 

F3 = A{B - f)A - HAfA - 4J2 sin^ e{p - p^f. (5.45) 
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We already know that A, B, p and A are positive for p > po- It is also easy to see that 
H is positive, as 

^-^-^>« (^■«' 

because B > p. This implies that -Fi, -F2 > 0. It remains to be shown that F3 > 0. 
To show that this last term is also positive, we rewrite it as 

F3 = I = i [{A{B - pf - C'f)A - BJ\p - p,f sin^ 6] . (5.47) 

As we already know that i? > 0, it is sufficient to show that the term S is positive. This 
term is a sixth order polynomial in r = (p — po), 

S = Cqt^ + csr^ + C4r^ + csr^ + C2P + Cir + cq. (5.48) 

To prove that S* > it is sufficient (though not necessary) to show that the individual 
coefficients positive. We find 

ce = IfcZ^, (5.49) 
p + q 

C5 = 8g(pg + 2m2), (5.50) 

C4 = C40 + C41 cos 6^ + C42 cos^ 6^, (5.51) 

C3 = C30 + C31 cos 9 + C32 cos^ 9, (5.52) 

4m2(l - cos6')g(p2 + m2)2(g^ + m^) r ^ 2/, ^ /,i 

C2 = ■ 7^7 ^t:^ I C20 + C21 cos fc* + C22 cos 9 + C23 COS 9\ , 

(p + Q'j (P5' — 

(5.53) 

Sm^g^sin^ 6^(1 - cos6')(p^ + ■m^Y{q^ + m^)^[m^(p + g)(l + cos^) + 2q{pq - rr?)\ 

{p + qy{pq — m'^)'^ 

(5.54) 

Co = 0. (5.55) 

In the following we will not need the explicit values of the coefficients C2i, c^i and 0^. 
Noting that p > 0, g > and pq — > 0, the first two coefficients are immediately seen 
to be positive. For C4, C3 and C2 the story is more complicated, and it turned out to be 
simplest to show these terms are positive indirectly. Let x = cos 9. Then for C4 we have 

C4(— 1) = (p + g)~^(pg — m^)"^ [l6j9g((p^ + 3gp + 4g^)m^ (5.56) 
+q{2p^ + bqp^ + 3g^p + 3g^)m^ + p^q^{p + 2q)) + IQm^q^ [pq - m^)] > 0, 

04(1) = —\ip^ + ?>qp + q^)m'^ + 2pqip^ + qp + q^)im? 

[p + q)[pq — m"^) 

+p^q^] > 0, (5.57) 

lQm\{p^ + m^){q^ + m^) 

C4(x) = -. -7 < 0. (5.58) 

{p + q){pq-m?) 



Cl 



29 



From this data one can see that C4 is positive at the boundaries, and is an inverted 
parabola. This imphes that 04(2;) > for all x between —1 and 1. Similar data for C3 
also proves that it is positive for all values of 6: 



c3(-i) = ''^ "T^ [pV + mMp^+M + g^ 
[p + q)ypq — m'^Y 



2^ 



+m\p + 2q){pq - m^)\ > 0, (5.59) 

32m'^pq^{p^ + m'^){q'^ + m^) 
^3(1) = ipq-m^y >0' (5-60) 

_ lQm^q{p'^ + Tn^){q^ + m^){pq{2q + p) + m^{2p + 3q)) 
~ {p + q){pq - m^Y 

For C2 the argument is more complicated. The prefactors in (15.531) are clearly positive 
so it is only necessary to consider the bracketed term. Let us call this term C2. We first 
prove that £'2(0;) is positive for x G [—1,1]. This we do by furnishing the same data as 
done above for C4 and C3: 

C2(-l) = 4:q{pq'^{p + 2q) +pm'^{2p + 3q) + m^{pq-m^)) > 0, (5.62) 

£2(1) = 4g [(p^ + pq + g^) + p'^q'^] + Am^pipq — m^) > 0, (5.63) 
d'^' = _6m2(p + g)(g2 +^2^) ^ ^^ ^^-^ 

Now given that C2(x) is positive for x G [—1, 1] it is sufficient to show that C2(— 1) > in 
order to prove that £2 is positive for all 6. We find 

QAm^q^ip^ + m'^f{q'^ + m'^) 
[p + q){pq — m^J"^ 

Finally for ci it is clear from fl5.54p that it is positive for all 6. Thus we have shown that 
S is positive for all values of p > po and 6. Hence (7** < 0, so t is a global time function, 
and there are no closed timelike curves in the geometry. 

Note also from fl5.42p that < implies D > 0. This will be significant in the 
analysis of the four- dimensional solution. 



6 Properties of the solutions 

6.1 The supersymmetric case 

In the special case n = 1, we would expect to recover the supersymmetric solution of |25j . 
From the parametrization fl4.17p . we can see that m — with g/m^ and b fixed as — *■ 1. 
Thus, if we scale (5j 00 so as to keep m?SiCi fixed as we take ^ 1, we will be taking 
the extremal limit described in fl3.65p . In this limit the constraint fl4.15p reduces to the 
regularity condition (13.750 we have found in Section [3l^ for the supersymmetric solution. 
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Also the identifications (14.161) become equivalent to (I3.76p . Thus one can think of the 
regular supersymmetric geometry (I3.68[ 13.721) as the particular member of the class of 
smooth metrics of Section H] with n = 1, provided that one also takes the 6i parameters 
to infinity, as specified in (I3.65p . 



6.2 Ergoregion 

In the five-dimensional solutions studied in [31], one of the most striking and important 
properties of the solutions was that they have an ergoregion, where the timelike Killing 
vector at infinity becomes spacelike. The existence of an ergoregion is a characteristic 
property of the non-supersymmetric solutions: unbroken supersymmetry, by contrast, 
implies the existence of an everywhere causal Killing vector. In [39] , this ergoregion was 
also shown to imply that the non-supersymmetric solutions of [31] were unstable, using 
a general argument due to [IQ]. It is therefore clearly important to study the ergoregion 
in our solutions. 

It is difficult to analyse the ergoregion in the ten-dimensional geometry (13.531) . The 
most general Killing vector which is timelike at large p is a linear combination of dt, dy, 
and dz, i = dt — ady — hdz- We have 

e ■ e = -7^= \A{a - siSr^Vohf -G + 2Ccic^h + Dh"] . (6.1) 
Requiring this to be timelike at large p imposes 



2 



The expression for .^•.^ is complicated. To get some insight, we can examine its behaviour 
in the corners: at p = Pq,6 = 0, 

^ e = [Appon^a - VoS,s,bf - 4po{p - po{n' - 1))] , (6.3) 

V HiH^ 

where 



Voip = Po,9 = 0) = -{n^ - 1),/ , P'^^ + Pf (6.4) 

n^^pyp — po('^ ~ 1)) 



At p = po,0 = vr. 



e ■ e = ^Mpo+p)V1)^^^ ^ ^^^^^^ _ ^ ^^^^^^ ^ ^^^^^^^^ ^g_5^ 

{p-po{n^-l))VHJI, 

A necessary condition for ^ to be everywhere timelike in the ten-dimensional geometry 
is that we can choose a and b to make (16.31) and (16. 5p negative while satisfying (16. 2p . We 
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have not analysed these conditions in detail; they depend in a complicated way on the 
charges. 

Instead, we will study the ergoregion in the four-dimensional metric we obtain by 
Kaluza-Klein reduction. The ergoregion in the four-dimensional metric is in general 
different from the ergoregion in the ten-dimensional metric, since in the Kaluza-Klein 
reduction, we project the Killing vector down to four dimensions, losing the contribution 
to its norm from the first line in fl3.62p . The instability of [iQl [39] was determined by 
the presence of an ergoregion in the asymptotically flat metric, so the ergoregion in the 
four-dimensional metric would seem to be more relevant to the question of stability. It 
also turns out to be much easier to determine. For this, we use (13.621) . where the four- 
dimensional metric is given, up to a conformal factor, by the second line. But we have 
shown that f > 0, A > 0, and D > away from the degenerations, so in this 4d metric, 
dt is timelike everywhere. Thus, there is no ergoregion in the 4d metric! 

This might seem quite surprising, but we can understand the difference from the five- 
dimensional case on general grounds, without detailed calculation. The four- dimensional 
metric we obtain upon Kaluza-Klein reduction is given by ( 13.62^ for some D. Now for 
this to have an ergoregion, we would need gu to change sign while the four-dimensional 
metric remains of fixed signature. If we think of the second line of f l3.62p as the t 
direction fibred over a three-dimensional base metric, to preserve the overall signature, 
the determinant of the base metric would have to change sign. But these terms are 
clearly all everywhere positive: in particular, the factor in front of d(f)'^ is positive away 
from the degenerations. The difference in the five-dimensional case was that we had a 
pair of angular directions, so the determinant of the four-dimensional base metric could 
change sign without encountering any degenerations. Thus, we expect the absence of the 
ergoregion in the four-dimensional solution to be a general property of such solutions. 

Thus, the Killing vector V = dt is timelike everywhere in the four- dimensional space- 
time. Assuming that we consider test fields propagating on this spacetime which satisfy 
the dominant energy condition, it follows that the energy constructed by integration over 
a Cauchy surface. 



will always be positive for any initial data. Hence, the instability discussed in ^01 [39] 
cannot arise in this case. It is then an open question whether our non-supersymmetric 
solutions are unstable. There is no mechanism that would prevent them from being 
unstable, so past experience biases us to think that they will be, but this is a very 
interesting question for future research. 

6.3 Near-core limit 

The solutions we have constructed look qualitatively like smooth D1-D5 solutions sitting 
at the core of a Kaluza-Klein monopole. We would therefore expect to find that there 
is a suitable decoupling limit of the geometry in which we focus on the core region. 




(6.6) 
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and obtain an AdSs x geometry. As in the previous non-supersymmetric case |31j . 
obtaining such a hmit will require us to scale some of the charges in a suitable way, going 
close to extremality. In this section, we will construct the decoupling limit for these 
solutions. 



In the parametrization of section IT2l the only free parameters are p, po and the charge 
parameters. It seems natural to consider a limit where we take po — > 0, while holding p 
and the physical Dl and D5 charges fixed: that is, we hold po sinh 5j cosh 5j fixed. Note 
that this is not the same as the extremal limit introduced in section 13. 4[ in which we 
took m ^ holding b fixed. In fact, such a limit is incompatible with the constraints 
imposed by the smoothness conditions. Thus, here we are not taking the extremal limit 
with all the charges held fixed; instead, we are scaling Q and to zero. 

As we take this limit, we scale the coordinates so as to zoom in on a 'core' region in the 
geometry, by setting p = p^r and holding r fixed. As we take the limit, the identification 
on the y coordinate scales like l/^/po- It is therefore convenient to set y = x/'^y/PPo- If 
wiU also be convenient to set t = T/A^/pp^ and z = pip. In this limit, the metric (13.531) 
becomes 



^^10 ~4^2 



-9 



en 

dx + — 



dT+—{uJ^ 



'1 + COS I 



;i -cosg) 

9 



{dip + uj 




(6.7) 




,/,9 - 1 +n^sin^6' , , , -,,2 

rfr H (dip + uj^Y + 

ag 



(r2 - l)sin^e 
'r^ — 1 + sin^ 



where we have set 



and 



a = 2(r - 1 + 72^(1 + cos6l)), g = 2{r + l- n^{l - cos 61)), 
n (r — 1) sin^ 9 



UJ 



(6.8) 

(6.9) 
(6.10) 

(6.11) 
r"^ — 1 + n"^ sm 6 

This metric has an AdSs x 5''^ geometry (at least locally). This can be made explicit by 
introducing new angular coordinates 



UJ 



r"^ — \ + in? sin^ 6 ' 
— 1) cos 6 — n^r'^ sin^ 6 
— 1 + n"^ sm 6 
1 (r + 1) sin^ 9 



^ = 1(20 + ^), 0=1(20-^), 



(6.13) 
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and writing 

r = 1 + 2R^, X = ^V, = 29. 
In terms of these coordinates (16. 7p becomes 

+ 1) , , fdR^ 



-dr' 



& i?2 + l 

+ f{de^ + cos^ e{dilj + ndiff + sin^ 



(6.14) 



(6.15) 



n 
1? 



drf) + \\%ds%,. 

V ^5 



The identifications (14.91 14.101 14.131) become in these coordinates simply + 27r, 

~ + 27r and {^p,ip) ~ (</) — 27r,^ + 2?™). These identifications make the spacetime 
globally AdSa x S^. Recall however that these may not be the fundamental identifications. 
For example, if we adopt the basis of identifications ( 14.16^ . the geometry becomes AdSs x 
S^/Zn^. More general choices will give other orbifolds of AdSs x in the decoupling 
limit. 

The dilaton is a constant in this limit. For the form field, we first need to make a gauge 
transformation to get the correct behaviour in the limit: we shift C^^-* — > C*^^-* — dt A dy, 
so that 

= 05^5^ + s.csl^^B AA+ ^ Adt- ''""'^^^ ~^\ dy (6.16) 
Hi Hi Hi 



{l-Si{ci-si)H) 
Hi 

Now as po ^ 0, this will become 
C 



dt A dy. 



16n2sin2^ - - 
H dip A d(f) 



ppoin"^ - 1) 

Q^n - 1 

--(l-cos^)rf0Arfx-^ 



' ^^{1 + cos e)dip A dr (6.17) 
Qi 2 



(r + 1 - n^(l - cos 6))dT A dx- 



In the limit. 



C = dx^ A i-VtUj'^ + K°) ^ -16pop{n^ - 1 



2 ((r - 1) cos6' + ^^(l + cos6')) ^- 



dipAd(f), {6.11 



so discarding some pure gauge terms from (I6.17p . the two- form becomes 



— Ti — TL 1 

cose{dtp + —dx) A {d(f) - —dr) + —rdr A dx 



C(2) = -SpQ, 

which is of the expected form to correspond to an AdSa x solution. 



(6.19) 
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6.4 Four-dimensional description 



Finally, we will make a brief remark about the structure of the four-dimensional metric 
obtained by Kaluza-Klein reduction. The four-dimensional metric in the Einstein frame 
is 



dsl = — j={dt + ciC5cu°)2 + VaD 
V AD 



^ + rf^^ + sin^ 



(6.20) 



We can think of this as a fibration over the three-dimensional base metric 



lere I 



This is exactly the same base metric found in eq. (3.22) of [32] (with {m—n)there = nhe 
Thus, passing from the five- dimensional solutions described there to the four- dimensional 
one we consider modifies only the fibration, and not the three-dimensional base metric, 
which is what we would expect when adding a Kaluza-Klein monopole charge. 

As a result, the structure of the four- dimensional metric is the same as in [32]. In 
particular, while the four-dimensional metric is smooth at 6* = 0, tt, there is a Z„ orbifold 
singularity at p = po, and there are curvature singularities in the three-dimensional base 
metric at the corners p = po, 6 = 0, tt. These curvature singularities in the base metric 
do not have simple brane interpretation. Hence, as in [32], the smooth solutions we 
have found here do not fit into the picture of [27], where supersymmetric solutions were 
described as built up from half-BPS atoms. 
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